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Solution to Problem Set 6

1. Let u(x,y) = In(a® + y® — 22y — 23?).
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(b) Show that % + 2(‘3{15 + % is of the form o where A is a constant.
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2. Let f(w,y) = 2% — 3zy + 4y + 1.
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(@) Find £(1,1), (1,1 and 1),

(b) Hence, find the equation of tangent plane of f(z,y) at the point (1,1).

Ans:

(a) We have f(1,1) = 3. Also, or _ 2z — 3y and or _ —3z 4 4. Therefore, g(l, 1)=—-1and =—(1,1) =
x

ox dy
(b) The equation of tangent plane of f(z,y) at the point (1,1) is
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3. Suppose that all first partial derivatives of the functions f, g : R™ — R exist.

(a) Show that
VIfx)gx)] = fFx)Vyg(x) +9(x)Vf(x).
(b) If g(x) # 0, show that
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Ans:
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4. Let
Y cos(ay) i (w9) # (0,00
f(may) = ! +2y
0 if (z,y) =(0,0).
(a) Show that f is continuous at (0,0).
(b) Show that gf (0,0) =0 and %(0,0) = 0.

(c) Is f differentiable at (0,0)? Prove your assertion.
Ans:

(a) Note that for (z,y) # (0,0), we have

x?)y 2

allyl| —| < lzlly
= |z —_— —_ z||y|
x? + 2y? YNz 2 +y?| ~ Y
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Therefore, e j_ 2yy2 cos(zy)| < 2|z||y], i-e.
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2yl < 5y 5 costay) < 2fellyl

Also, lim =2z|ly|= lim 2|z|ly| = 0.

(z,y)—(0,0) =l (z,y)—(0,0) =/l

23y
By sandwich theorem, we have lim z,y)= lim ———cos(zry) =0.
Y (m7y>—>(070>f( v) (@)= (0,0) 22 + 2y? (e)

Therefore, lim  f(x,y) = f(0,0) = 0 and so f(z,y) is continuous at (0, 0).
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5. Let

(a)
(b)
(c)

Therefore, g(o, 0) = 0. Also

Ox
_f(0,04+h)—f0,00 .0
i OGO < o g = o =0
Therefore, g(o, 0) =0.
dy
Note that V£(0,0) = (0,0). Therefore,
: SO+ h1,0+ ho) — £(0,0) = Vf(0,0) - (h1, ko) . 2hihs
lim = lim cos(hiha).
(h,ha)—(0.0) NCEYE iS00 (17 1 23) i 77 )
Note that for (hy, ha) # (0,0), we have
h3hy || hi
2 o\ /1.2 P < |ho| 2 5 | 7,2 5| < |h2l.
(hi + 2h3)\/hi + h3 Vhi+ h3 hi+h3
Therefore iihs cos(hihg)| < |hel, ie
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—2|hs| < ! cos(hihg) < 2|hs|.
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Also, lim —2|hs| = lim 2|hg| = 0.
(h1,ha)—(0,0) (h1,ha)—(0,0)
. . hihg
By sandwich theorem, we have lim cos(hihs) = 0.

(h1,h2)=(0,0) (B3 + 2h3)\/h3 + h3
Therefore, lim J(O+h1,0+ hy) — £(0,0) = Vf(0,0) - (hy, h2)

(h1,h2)—(0,0) \/h% + h%

= 0 and so f(xz,y) is differentiable
at (0,0).

1 1
rsin— 4+ ysin— if xy # 0;
T Y

flzy) =
0 if zy=0.
Show that f is continuous at (0, 0).
Show that %(0,0) =0 and %(0,0) =0.

Is f differentiable at (0,0)? Prove your assertion.

Ans:

(a)

(b)

Note that for all (z,y) € R? (i.e. no matter zy # 0 or zy = 0), we have 0 < | f(z,y)| < |z|+]|y| < 2/22 + y2.

Also, lim 0= lim 2y/22+y2=0.
(z,9)—(0,0) (z,y)—(0,0)
By sandwich theorem, we have  lim  |f(z,y)| = 0 which implies that  lim  f(z,y) = 0. Then,
(w,y)—(0,0) (w,y)—(0,0)
lim  f(z,y) = f(0,0) = 0 and so f is continuous at (0,0).

(z,5)—(0,0)

We have
lim JOFRO=S00 (020 gy,
h—0 h h—0 h—0

Therefore, ﬂ(o, 0) =0. Also
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Therefore, %(0, 0) =0.



(¢) Note that Vf(0,0) = (0,0). Therefore,
lim J(O+h1,0+ hy) — f(0,0) = Vf(0,0) - (hy,h2) . f(h1,he)

= 1m r————
(h1,h2)—(0,0) VhE+ h3 (h1,h2)—(0,0) \/h% + h3

Consider v(t) = (h1(t), ha(t)) = (¢, 1), then

f(ha(t),ha(t)) lim 2t sin ¢ i \/§i sin 1

tlg% \/[hl(t)P + [ha ()2 G Vorz 50 [t]

which does not exist.
Therefore, lim f(O4+ h1,0+ ha) — £(0,0) — Vf(0,0) - (h1, ha)

(hl,hz)g)((ho) /h% + h/%

tiable at (0, 0).

does not exist and f is not differen-

6. Let ) )
x?’sin—2 —|—y3sin—2 if xy#0;
Z Y
f,y) =
0 if zy=0.
(a) Write down % and g—‘; explicitly.
0 0
(b) Show that a—i and a—z are not continuous at (0,0).
(c) Prove that f differentiable at (0,0).
Ans:
2 .- af 5 . 1 1
(a) For (x,y) € R* such that zy # 0, it is clear that -~ = 3z“sin — — 2cos —.
Ox x? x?
For (x,0) € R?, we have
fi L0 ZI@0) oy 020y
h—0 h h—0 h h—0

of
d so ——(z,0) =0.
and so =~ (z,0)
For (0,y) € R? where y # 0, we have

3 ain L 3ain L)
o f(hy) = F(0.y) (Wosings 4o singt) —(O)
im = = lim A” sin =0
h—0 h h—0 h h—0 h?

and so %(07 y)=0.

Therefore, we have

1 1
3z%sin — — 2cos — if ay #0;

of 2 2
%(1'7 y) -
0 if axy=0.
Similarly,
1 1
3yQSin—2 —2cos — if xy #0;
Of (o) — v Y
ay T,Y) =
0 if xzy=0.
(b) Consider (t) = (¢, t). Then, we have
. of . 5 . 1 1
th_% %(v(t)) = th_% 3t” sin i 2cos 2

0
(z,y) does not exist and so or is not continuous at

ox

which does not exists. Then, we have lim =
(z,9)—(0,0) Ox

(0,0). Similarly, we can show that ? is not continuous at (0, 0).
Y



(c) Note that |f(z,y)| < |23| + [v3] < 2(y/22 + y?2)? for all (x,y) € R? and V£(0,0) = (g(0,0),g(0,0)) =

ox dy
(0,0). Then,

- V/hi+ h3 VhE+h3] T \/hi+ h3
Also, lim 0= lim  2(hf+h3)=0.
(hl,hg)a(0,0) (hl,hg)%(o,o)

By sandwich theorem, we have

lim f(O+hy,0+ hs) — £(0,0) — Vf(0,0) - (hy, ha)
(h1,h2)—>(0,0) \ h% + h%

Therefore, f is differentiable at (0,0).

=0.




